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Sleator & Tarjan |2 &% H Q% /K (splay tree) |26 U CHFHEIER AHEICT D EMET VTV AL % IBET S.
RETDZT7NTY XLIE, FA—OKRISHT 2EBOER - ffA - HIREIED /S T 54 VINAFIFET 2L, »Do
PERFID AN — Ty b (BALRFE NI T R R B E DR & L ARV A (Il % OEAEDEHIFIH R (amortized
complexity)) WX ¥ I L& HKE LTWD. A—Tv OB & FABEDOEH L AR Y 212D T
RS R 2 R T, HIBRRIEIL, ROBRIZBET 2 RWHEZEDIZE MDD 5T, Sleator b DFEK A TId iR
HAGEHTE 2. ZOZ LDV THiMmU5.

We propose a family of algorithms for concurrent operations on self-adjusting binary trees (splay trees)
proposed by Sleator and Tarjan. The goal of the algorithms is to allow pipelined execution of multiple
update/insert/delete operations while retaining good bounds both in throughput (number of operations per
unit time) and in latency (amortized time complexity of each operation). We show theoretical results on the
optimality of throughput of all operations and the logarithmic latency of insert operations. The optimality
of latency of delete operations, on the other hand, cannot be proved using Sleator et al.’s setting, while the
operations preserve desirable properies of the shapes of trees.

A B BT IR S THHEINICHEE§ 2 £ 5108
1 @FUoIC 22 2T, % DEAEDEIIZ HESE L 2 1T A

H O =K (AT L —K, splay tree) [2] I, 7 5B WHI RO E =4 O(1) {1 {E IBEXR5.

72 AU i 2 U TREAL (splaying) BE (2.1 LAY NEUVEELLIE, ZaREHCA
fi) 2T ZLick), ROBREFHNICEELTD <TH, MEYANEHCTARICERTES. Lk
ZRERRARDMBIETH Y, <0>§j~zjjfourég7b> D3 AoT, VARV AL Z)—Tw % FRHZE ﬁfm‘é
DIENDLROTVWD., KX T, FA—DATL—  ZEeNREMICEETHD. B RKPZOLERIZHNT
KRIZKE T 2 EB O ABIREDBRIED /A TS vy BAIHRIEDHIE &&<&mm#,1fv—*@
WFIFET 2 RIS 2 HEEME$5. BEER, T WFMEICET oMb n<, FEHOMBMY, ki
OEFRWGTEET NI ALEB/DZILTHD.  OZFfE2MEATHEFITIVITY ZAFELREIN

1. (LRARRYR) BHEDAT L —KROBELFL,  TOARWY,

RN R B HIFHE & (amortized complexity) [4] KX TR, “HERADEHRIEF— L HON %
z2E0. RET2E DL U, HimldF—DXFIE (symmetric
2. (RI—=Ty b)) BAEBRORDOIIRAD, BITIEV  order) ICHATVWD & 5. HABREL LT, RO
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F—ilfi 2EOHIFE ¢ ITHAL, v I
iR RN 722 L ERTRIDMEEZRAT 5.
delete(i,v,t): F¥— i & & DHIFAMNAt DHFIZ
NiE, TOHROBEDEE v ITRALEZD L,
HimZHET S, RIFNIE v ITRBIOMEZ KA
T5.

2 BEEMR

2.1 BELE by TYTVREL

ATV —=RIZBIIBmEAL LI, HRORREE
WBWCT 7R ALUENRADEI 2B LZENITL
2D, BEHIN (delete IZHWTIE, BAEH S OER
FHIFEBROXF—%E OHiIN) E ROWETHFLIE
SEBETH L. WP DEER (rotation) % FEA
BELLTHEY, K 1IIRY zig, zig-zig, zig-zag D
SHLOMYRBEE R NLT Y TITHEVKET. MR
KX TIE, LAAENRBERIXTOR FDOAER
T E AP ONCFIRE R, KXFEIFIS AR Z R
F. update, delete FEDMBIOEEIET IV TV XLIZD
WCTIZ K DOERENH D, RFEOK SRR, 7
IR AU A EOBHROEI 2HmcTd—F
T, TVRAUZNSAD EIZBWHiIN%E, E20(1)
BUDNEL LRI THS.

EACIZAR N ATy TRERRETH D720, HFl]
BEIZIEE S v, k[ ik by TR D VR RS
RELTWED, INRFEROBEGNELREHNTDH
Y, KROBIFEIER T OER £ THEE L AW,

2.2 WHIRFEICET 2BEDOHR

HIH (5] (&, WMiATeRIEL S E (3] OMMAR % FV /2
AT VT XL REL TS, AU, dmBlg
HEFHLT, Ny &Y VEFE in-place TT
BOEIICUAZEDERATIEETESDD, update
D&, WRERDH PP T HRORKIFIET
B EeWDNOTVBEEIR, RORDF—2HfED
AN X2 MK E BB THD. LML ID
Hiikld, delete D& D12, BAEFEROARDREMNHRIZ
DINSBNGEITIZEH T E R,
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M1 RhAT7y TRFECREDLZATY T o HT70E
ALEHER. (a) zig: 1 EOELOEE (y BROBEDH),
(b) zig-zig: K yz &KX zy 2 ZDIRICKEDEE, (c)
zig-zag: & vy ZZOEL, TR 2 2HA0OE.

>
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(2)
N

VYNNI

2 by FIIVRERICL D update

2.3 by 7YV VR LOMER

Ny FED VREALIZ & B update &, 2.2 HiD &
SITHMOF —2BAIHEEI TS L 5IZLTE, Wl
IO 5 FHENE S, 728 Z2IE, Him z(<b)
(< FEF—ITL DIEFEMR) O update IZ&>TilEE
S 2 D zig-zig #fE[5) €% A% (L &L RIEZ, KC
2NV TEYVREALLEERO L (F) A AT,
update 56 T R & TIZHERE).

Z D update D&, y(< x), 2(>b) ~NDT 7 AN
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ZOIEIHES £ 9D, WD x ~NDT 7 & AR x
PERDA C DIEDFIZDH > 727201 zig-zig HAED
{GE, LOWRPHEETZ2DIFELS RS, UL~AU L
DRPMEE T B LTI, ROy NDOT 7L AN zig,
zig-zig, zig-zag DEN% FTHWAT 2 hED SNA
W, ZZT3RED 2 ANDT VAW, 2 FHODEAE
IZE o THEBEZITD I LD b DA ARIZM
SIErnbsT, BRE 7oy LUTULES.
HIBRREIR I SICIETH D, — I, —aANS
Himl z Z2HIBRT 2I121%, = OEWOARDRADHE A
y EBRUTENE 2 DB T I e NEERE LS.
UL, RELOEEC D DL T, § BHON &
Tldz DBIZK 2 H -8 F—I3HELTT, BHED
B2 70y 2 LU TULED. AR & D BfREL#
AN, WINE D FLHEHELR.
1y RHOBDET, o & —BAF—r LTH
AT2L, y<z2<zTHdLDRHM 2z "D
E%R > 72 M ANEL,
2. HHIEDERTEEZOF—%E DHIRADKRA
VEBRBEETEZILIZEST, ¢ DEFOEE y
12 O(1) BEITT 7 X ATE2E51052 2 et
EZZ2oNd. INHDRA ¥ AIIARDR AR
EEGTDIBHEPRNEVDIRENHL. LU
DFEFBEREED L UMD E<HEEL AW,
BERS ZOHIRBEIEDORIOHAED = & y &4
SINAE TREERT, WIhy IZEETLENE L
NBENMNHTHD.
UAnio TRRE T, &% 0(1) Mofi% gt L
DD, BEBIZMY TEYVIIKREERLTHL TIT
VDALEERDILLT D,

3 WHEH7ILI) XA

AEITIE, BEOEEEZ 70y 2 LA update 1
Ex52%. BRNZRT AT T, zigzig & zig-zag
DEFFIZDONT, HEHIRETOHEI DY ETUM»
# EXIE RO PERFAL (semi-splaying) &\ 6 Z &
Thd (k2] DERIFIL, zig-zig DADFF1L
ERBOTWE)., o 2 BHINROHiRETDHE, 7
NI XAFPATFD &S 127425,

(a) ZEOARIZHT BHAILE 3 (al) OFEAE, (2T

B RO 2 HHIIH 3(a2) D#MEZ LT
.

(b) zig: = WEMD RO TH 254 1EE 3(b1)
DAE, = BEIETNE TR RNZEDL G
3(b2) DEAIEZATED.

(c) zig-zig: X 3(c) EDRIZHBIT D z(< b) DHER
TliE, B ba DERIEZITE>TT 72 AL N
ADEI % 1EMHTS. RiZ 1 LoV JEhERTo
RITIE2L)L) FELT, oK AITHL
THRICERETRD.

(d) zig-zag: X 3(d) EORIZBITSHimx (b <
z < a) DERBTIE, Kb DEMGRE, TE/-
¥ ca DAREEZ TR, TIZRVAULEZNAZ 1
Rifidd. 2 =cBOIXINTHEKTTHD.
z<cBRBIE2 LA (EMERTIOEI TR 3 LA
V) FBEL T B OS¢ 2 FHIRHICIRHET 5.
x > ¢ R HIEXFERIC C O o FIRRICHEERT
5. x> cDHEITIIIL ca DRIFREMEZERET
52ZLEEZOLND. bDAHARNEDE AT,
T e BFALZH &, EITBRAJ[A#E
BEzAT8 5.

AEDEMET, 772 ALANADEIIRETEN
2/3 127235, TR T2/372DI%, kil zig-zag
BEOMEIZEZEDTH 5.

4 WHIHIFRTILTY XL

M HNEIBRD 72 b DHEARMN B E UL, WEALEEE,
HIBR T RS2 TREITEZOICHATZ LT
HB. TNETIE, RECEETZESES, BET Y
YALEIRHEZF LI -2DICHNLNTE
7o, ZITHERI LI, HIBREROH NG 4
O(1) LNV UM FHEITARNEDIZTEILTHD.
UTRTIE, 2z ZHIBRNROHiRE T5.

F9, MEADVHIBRNREN 2 THIEHAEER
%. ZODFE, zipping LIEREEIZ L >TENE ¢
BB HIRTEDGRETIHITS. Hims &
B HIRTE D L1E, TOEBAKR, AR,
HARDGEAIAR, GEAIRDEEHAARDNGT D
HTHDHILTHD. HHERDOTRIZEL-T, TOAE
HOARE G ROENEEIE D,
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(a) (x)
@) " <a2> ne L o) LY

(@) x)
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(b2) A
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M3 #&EREE7OYILBRVEHFZILIVILDLRATY S

(a) “BBHIZ HIRT X254 M4(al) 721 (a2)
DEIIIERTS.

(b) “BHI BIBRTE RV X 4(b) D& DI
zig-zag ZfEL, TOMRTED b ODHHHARIZ,
(—Do® LIFELENIR) zig-zag ZHET.
AEDEFET 2z X2 LRIVTBET S, 2 OF-R
WAaKRC & FiE, HULRVZEEESE., Th
UAOHREE AL VXV UNTRERELRY. 2 %
HR & § 280 72 84 AR U C AR A I R
EZRATER DM, 2 DFHRTRVEIRNENIZE S
TIHITFETS Z &3,

B 512, RES 2 OHIRIC E D AKOBROZE(E

R

HIBRST SRET 5 2 BIRTH 2 LIRS R WIGEIE, £
W3O AILT 2 EHKRT D, ZHUFRHNS 2 ILF
SNARNEMET DRIR%EE D, DEIZ, 2 % zipping
&> TCTFBIETCHIRT 3.

Zipping ¥AEIZ/ S ADFRMEER AT ERDRNN, Tk
AUEHERIER EIE2 LS FEANZULAZBD B D
X, zipping I2%72>TC, EMHARKDBRARELRIZED
INA L FERRARDBINERIZEDNA%TNTN Y

T Y DER AL (zig-zig (K 3(c)) DKL) 12
Lo TEmTEE V. 2RI zipping & 4T
UTHBRDIZENTES.

Zipping IZEHHEEL B, KHiMOF—EEH
DB KRERMETS. /2 zipping 1k, KTy &
KT (T DEDF—3H, L OEDF—LYENI
WEDETD) LD MY TEY VHEERIEICE BT
5. TRDL, FBHR (FIMER) 2FEL,
TOEMIARE T, HEDIARZ T, LLT—D2DAR%E
MR U720b, FELUZBEREZHEETIELO.

5 FIEEICHATIHEREER
EROZDODOREDS H, AN—Tv MIDNT
BB IZBRNTES. T805, ZDDEME,
LAV (BBE LAV 0 & ULT) Offisik O() Bl —
update &5 % (I + 2) [, zipping I&& < (21 + 2) [A]
— DOEEEEODL ITHEI TS, I5IZELLD
PR, BT 243 LV % I Esed
ZEITEO. INHDZ M5, ROKEXPHEX
IZEBBWAN—TY T, BERNZ IS TS50V
FHZMEFIALIRS 5 Z N TE B,
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A-h
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(a2)

5 Zipping IC& 28R 2z DHIRR

VARV AL, update 1IZDWTIE, BHEDAT L —
AREFGFEDEHNFEREZEDILMIAHTES. A
PRI, fim s OREX s(z) % 2 2L T
ROFRBEREEL, TV r(x) % logy(s(z)) &7
5. TUTAKDRT v vIbz, $RTOHIRDT v
JOMEEHETD. TDL, update DEFIFEM, >
F V) AR EAED [Tl - 72 Tk 12
TYYRINOEEMATE DI, n &2 ROHimEL
LT, O(logn) THDILERTILENTES. =
Db, +RRVEIERIOFEI L ARV AL
ETENENTH D Z b nd. k2] DL

MRICRRDEAZDIT TsX®r 2EHTDHZ

LIZ&Y, FVBNEEERTIEETELN, K

BAERTR O R

XTIFE<

—7H, delete \{ZDWTIX, SCHR([2] DfENTHIETIX
HENHEREY B ZLIFTERD. TOI L%
ARY DI, K4 (b) DARIOEFLIZEDRT Yy
NELEEZD.

M 4(b) D—FBLMDOKRD S > 7% + £ T 5.
—BEMDRNSEDRT VY IVDOEE, k%D
BIEEE LT L (b) —r'(2) BRICHIX 23 2 &
MTEDLZLERTON, XHk[2] (CB 2 HHGFE
BOMMHTEDOEARTHo-. LLL, ZhHDK
IZDWT s(A) = s(B) = s(C) =h >t =sD) =
s() s(F) 2IRET D L, BTy VA h/t

)
IZBIL T O(log(h/t)) &5 %. —7 r'(b) — r'(2) &
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R/t ZBEILT O(1) THBDT, LD E~T
EIFFEL BN D DNS. Zipping (Z5E3 > TN
AJFHAb 2 T8 > FGEIZDWTE, D Z L H5R
5.

UL, 24 HiOHIREFEEX 7272 ALUAZNR
EOHROEI DS R Y (HTIC S R G %
ML 7258, TNUNOHISE &2 EHL LU »
MEZRNEND, HiSOFEIILAIZDNTOAT L —
AR—EOME IR Z LT3, TlE—#iz, Zo=>
OMWE %723 H AW AAT IV T XLT, ¥
VARV ARREREITHIZ o EVwWE SR, +
DEVBERNZEETEDES S 0?7 THIEKRE
WTHDN, KX TRELZZHEIOVWTIE, F
B ARY ZAGA R L E O(/n) (BHOHAE LI
O(logn)) & PRI N3,

ZORIEL UT, BEHEOHIRLPTIDE(EH
Z%. Bz OBIMREEE d(z) %, =z M5 TOEH]
D¥x—2z_ EOHEAEDZNAE (v WFEEL R
WIEEX, - Wz DFRTREVEEIF0 LEDD)
LEBEDOF— xy 2 EDEICEDZNARDOR/IMEL E
H2E, EAHOD delete 13, d DREIBH HDHEE
WIXEERA» 2 DD, HoZ&HmD d % &%
O(1) ULmRkE LAV, 725 3 #iD update TH
FAZFEAUZHISD d X0 THY, update 1£9 T
FAELTO AR d 5E~20(1) LhrkEL LA
V. (RhAa7y TRPEALIC B I B Him D d ORI,
EBTMAZZENTERD. ) IhbDIEND

1. H7-RHED dOEN k FTHET 121,

OHEiFD Q(k) EOFEABIBRA HE
THDZeWbnd. X561
2. ZHRIZBITBEHRD d ORBFIE, KE ST
N—=ZA UL T HDIEANARE % LA D
LIERNRS O(n)
THhd. 1.2 205, HEZLEHEOFAL, d DK
S RHIEOBE B BRI ND L0 D BEOEIERS]
EEATYH, BEOFEHOFEILO(/R) THY, £
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HEDORRITEFEEOADGELIFEAEEDS
BWEFHING.

6 FLHESKRDER

Him DIF Z AT IEE LWV B2 RED, D
HEBROBERTRER AN —TY & HDHAHE
THAROMFI A (R, FEA, HIbR, fFE) T T
DALNEREL . fSiAOERP/HAICEL TES
BENEHG AR RO LAGEHTETEY, I5I
T IR AN =V DY) AN T BEEMN R L
ATV —ROFEOWM A OEEREEDSL < 28] X
HENTWND . HIBRDOEHFHEED & 1) BOBEERHI R
ZBL(FRBTORFEERT) 2 LIS BRORHE
Thd. £/, 7TV ALDOFEEREMMEK, W5k
BRETOEYE, HHORNSSHBROFETHS.
BEE R SCOHIHDIRIZ DWW TR L T 20
Robert Tarjan £ (Princeton X), BZ# K (NEC),
HAHN K (RMEK) ICE#HT 5.
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